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If an elastic layer is loaded by an ideal liquid the propagation of 
Lamb waves will be accompanied by radiation of energy into the liquid if 
the phase velocity of these waves exceeds the sound velocity in the liquid. 
For this reason Lamb waves in a plate loaded by a liquid are called 
"leaky Lamb waves", and we adopt this terminology. 
It has been generally accepted, (Schoch, Cremer, Brekhovskikh [1-3]), 
that for most practical cases the Lamb wave spectrum is only slightly 
perturbed due to the presence of the liquid. Such small perturbations may 
be easily calculated by series expansions in the ratio of the liquid den-
sity to the plate densities. Merkulov [4] has shown that the velocity is 
perturbed only in the second order term, and the attenuation in the first 
order term. This approximation was thought to be satisfactory in all 
cases of practical significance, except near the cutoff frequencies. 
In contrast, Chimenti and Nayfeh [5] have recently found that for 
leaky Lamb waves in a fluid-coupled graphite-epoxy composite plate there 
appears a strong anomaly which completely changes the topology of the So 
mode as a function of frequency. They have also shown [6] that the same 
anomaly may be induced in calculations in an aluminum plate immersed in 
heavy liquids. 
In the present study we discuss the nature of the anomalous disper-
sion of leaky Lamb waves. We show that to understand the spectrum topo-
logy, the full complex spectrum of propagating and nonpropagating modes 
must be considered . We demonstrate that the topological changes in the 
So mode are related to its nearness to the first complex branch of the 
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Fig. 1 Illustration of Lamb wave spectrum variation under fluid loading 
for aluminum plate. (a) P/Po = 1.2 and (b) P/P o = 1.0; p is 
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the density of the plate and Po is the density of liquid. Note 
significant topological changes in (b) for S o and s1 modes. 
spectrum and that increasing the liquid density leads to interaction 
between these modes and mutual exchange between their branches in the 
complex plane. We show that as the density of the immersion liquid 
increases from zero to infinity, the complex spectrum of plate modes 
gradually transforms from a spectrum of Lamb waves in a free plate to a 
spectrum of waves in a plate clamped on its surfaces with slip boundary 
conditions ( Oxy=O, uy=O). While the behavior of complex Lamb wave 
branches in a free plate is generally understood, the effect of liquid 
loading on their topology has not previously been explained. 
TOPOLOGICAL VARIATIONS IN THE SPECTRUM UNDER FLUID LOADING 
It is well established that the spectrum of Lamb waves in a free 
solid layer (no fluid) consists of purely real, purely imaginary, and 
complex wavenumbers [7,8]. Real wavenumbers correspond to propagating 
Lamb waves (modes), while waves with complex and imaginary wavenumbers 
relate to nonpropagating modes. It may be shown that waves with complex 
wavenumbers in a free plate do not transfer energy along the plate, and 
therefore the imaginary part does not, in this case, signify energy dis-
sipation. Mathematically, the existence of the complex wavenumber branches 
arises because the corresponding boundary value problem is not self conju-
gate. Physically, it is related to the effect of the coupling between 
shear and longitudinal waves on the layer surfaces. 
The first three branches of the complex spectrum for symmetric waves 
in a free plate are shown in Fig. 1 for aluminum for different values of 
the ratio R= P!Po ( is the density of the solid and Po is the density of 
the fluid). They are shown in the complex plane as a function of the 
nondimensional thickness h = kth, where kt= w!Vt is the wavenumber for a 
shear wave in a solid. The real and imaginary parts (Re(a) and Im(a) of 
the nondimensional wavenumber for Lamb waves (a = k/kt) are given on the 
z and y axes respectively. In this coordinate system the wavenumber for 
complex branches behaves as 1/h for small h. The S0 mode at h=o crosses 
the Re(k) axis at the wavenumber for the plate mode. As shown, in [9], 
the branch S~ is in the octant with the coordinates kth, Re(k), -Im(k) 
and S~ is in the octant kth, -Re(k), -Im(k). 
The spectrum does not undergo significant changes (compared with the 
free plate) with the addition of fluid loading except near the cutoff 
frequency for the S2 mode and for the backward wave section. For a plate-
to-liquid density ratio R equal to 1.2 the spectrum is shown in Fig. l(a), 
and in Fig. l(b) we find the spectrum for R=l. One can see significant 
topological changes in the branches S0 and Si : s1 when the density of the 
liquid changes by only 20%. As the parameter h increases, the So branch, 
instead of increasing in wavenumber and asymptotically approaching a sur-
face wave, rather decreases in wavenumber and is connected to the branch 
corresponding to the s1 mode in the Lamb wave spectrum for the unloaded 
plate. 
The complex branch Sf becomes connected to the S0 mode sector which 
asymptotically approaches a surface mode with increasing normalized plate 
thickness h. The region in the complex plane where the two branches 
mutually exchange position, with the density ratio R taken as a parameter, 
is shown in magnified scale in Fig. 2. The appearance of a loop in the 
upper right of the figure due to the three-dimensional representation and 
is related to the rapid change of the imaginary part of the wavenumber. 
In fact, the curves are single-valued for each trace with increasing h. 
If the wave branches are modified as shown in Fig. 2, the curves 
projected onto the plane will show typical saddle point singularities. 
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Fig. 2 Three-dimensional representation of So and S complex branches 
in the vicinity of the singular (interchange) point for 
different densities. 
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Fig. 3 The projections of the S o and ~ branches on the real plane 
for different density ratios. Projections onto the real plane 
clearly demonstrate anomalous behavior of S o and ~ modes for 
equal densities of fluid and plate (solid line ). 
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This clearly illustrates how these branches change position without inter-
secting in the three-dimensional space. The projections of the S0 and ~ 
branches onto the real plane are shown in Fig. 3 for density ratios of 
1.2 and 1.0 by dotted and solid lines. The corresponding projections onto 
the real plane for the density ratio 2.77 (aluminum in water) are shown 
by dashed lines. The question of the physical cause for the occurrence 
of this exchange phenomenon in the So and ~ branches will be addressed 
in the next section. 
GLOBAL MODIFICATIONS OF LEAKY LAMB WAVE SPECTRUM IN HEAVY LIQUIDS 
The dispersion for elastic waves in a plate loaded by a liquid con-
sists of two terms having different origins. The first term is the 
characteristic function for symmetric Lamb waves in a free plate, whereas 
the second term contains the influence of the fluid. Normally, for a 
plate in a light fluid, the first term dominates, and second represents a 
perturbation. This equation is exact for any value of the density ratio 
R. As was mentioned above for light liquids, the roots are near the 
corresponsing roots of the Lamb wave equation (po=O), and the leaky Lamb 
modes approach the Lamb modes, except that the propagating modes assume 
a small imaginary part and become leaky. If the parameter R is very small, 
(very heavy liquids) the Lamb wave term is dominated by the fluid term, 
and solutions of the dispersion equation are given approximately by the 
equation 
sinh6(6h) sinh(Yh) 0 (1) 
This is the dispersion equation for a plate with slip contact and abso-
lutely rigid boundaries. The boundary conditions for the plate in this 
case are Oxy=O, uy=O, where the y axis is perpendicular to the plate 
surface. The solutions of Eq. 1 are clearly: 
y =0, or k = kR, (2) 
k h ( .!!..2!....) 2 k -/ki ( .!!..2!....) 2 - - :;----;- - (3) kt kth ' kt kt kth 
n = 1' 2, 3' ... n = 1, 2, 3' .... 
Eq. (2) demonstrates that under these boundary conditions a bulk longitu-
dinal wave propagates in the plate without dispersion. As the density of 
the loading liquid varies from zero to infinity, the spectrum of Lamb 
waves in the plate should gradually transform to the spectrum of wavenum-
bers given by Eqs. (2,3). 
In particular, the branch for the nondispersive longitudinal wave 
k = k9. should be formed. Below we will demonstrate such a transformation 
in numerical calculations for the first several branches of the wave spec-
trum. 
This result explains why the So and s1 branches mutually interchange 
with increasing thickness, as we find for equal liquid and solid densities. 
At small h the S0 Lamb mode has a longitudinal character, corresponding to 
an extensional plate mode. With increasing h (for a free plate), the So 
mode asymptotically approaches a Rayleigh surface wave with a speed close 
to the transverse wavespeed and elastic particle motion quite different 
from a longitudinal mode. In contrast, the s1 mode executes very nearly 
longitudinal motion when its speed is near the longitudinal wave speed. 
Therefore, the topological change occuring for the So mode and described 
in the previous section, is now seen to be very natural. What we are 
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observing in the successive interchange of mode types is the gradual 
transformation of the dispersive lowest order symmetric Lamb wave to a 
nondispersive bulk longitudinal wave, as predicted by Eq. (2). 
Let us now consider the transition of Lamb wave branches in the higher 
order mode solutions of the mixed boundary-condition problem (heavy liquid). 
The spectrum of leaky Lamb waves at R=l is shown in projections onto the 
real plane in Fig. 4(a). This is the previously discussed anomaly for 
the So mode (circled in Fig. 4(a)). An example for R=0.3 is shown in 
Fig. 4(b). Here, significant overall modifications in the spectrum are 
evident, which no longer resembles a Lamb wave spectrum. As the density 
ratio varies from 0.5 to 0.2 the spectrum has a transition character and 
is very sensitive to the precise value of the density. Two additional 
spectra for R=0.2 and R=O.l are shown in Figs. S(a) and S(b). It should 
be pointed out once again that no actual intersection of branches occurs 
in the complex wavevector space. 
For the case of R=O.lS which is intermediate and not shown here, impor-
tant modifications of the spectrum appear. They are finally manifested 
for R=O.l as illustrated in S(b). The areas of interest are highlighted 
by circles in Fig. S(a). The spectrum in Fig. S(b) approaches the spec-
t r um for the limiting case of heavy liquids, R= ~. However, complex seg-
ments of the branches do not sat i sfy Eq. (3), where only real or imaginary 
wavenumbers may exi st. These complex branches are still vestigially simi-
lar to the complex branches of the Lamb wave spectrum. It is interesting 
that this part of the Lamb wave spectrum is most stable and persists even 
for very heavy fluid loading. The transition of the propagating modes is 
nearly complete at R=O.l (Fig. 5(b)), where the solutions (3) are shown by 
dashed lines. sf and S~ (positive wavenumbers) cannot be distinguished 
from ~ and S 2 on this figure. The index "t" denotes the case of mixed 
boundary condit i ons ( i nfinitely heavy liquid) given by Eq. (3). For s1JI. a 
small discrepancy with the mixed boundary condition case may be observed 
at small a. 
1.6 
.... 
~ 
' Y. 0.4 
Q) 
0::: 0 
-0.4 
.... 
0.8 :::s:::: 
' :::s:::: 0.4 
Q) 
0::: 0 
-0.4 
Fig. 4 The wave spectrum f or density r a tios (a) 1.0 and (b) 0.3 . 
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SUMMARY 
In this paper we have discussed the nature for the anomalous dispersion 
of leaky Lamb waves. We have shown that understanding of the spectrum 
topology is dependent upon consideration of the full complex wave spectrum 
consisting of both propagating and nonpropagating modes. We have demon-
strated that increasing fluid-solid density ratio leads to interaction and 
mutual exchange between portions of various mode branches, the first and 
most prominent of these being the interaction of the S0 and ~ modes at 
low frequency. 
We have found that as the fluid density increases from zero to infinity, 
the plate waves are gradually transformed from a Lamb wave spectrum in a 
free plate to one appropriate for a plate mixed boundary conditions, i.e. 
Oxy=O and uy=O. Moreover, a plate with such boundary conditions admits a 
solution corresponding to a nondispersive bulk longitudinal wave. As the 
fluid density increases, our calculations show a piecewise transformation 
of various modes to the predicted longitudinal wave Vt . By successive 
interchange of mode segments whose wavespeed is near Vt a mode branch deve-
lops which displays less and less dispersion around the bulk longitudinal 
wavespeed. For fluid-solid density ratios of about 3, the wave spectrum 
has lost entirely its Lamb wave character. Above a density ratio of about 
10, the propagating branches have completely transformed to a spectrum for 
the mixed boundary conditions. 
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Fig. 5 The plate spectrum for density ratios (a) 0. 2 and (b) 0.1. 
The spec trum in (b) approaches that for the limiting case of 
an infinitely heavy liquid for the sf and S~ positive real 
b ranches; for the s} mode the limi ting branch is shown by a 
broken line. 
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